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Double Integrals over Rectangles 
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Double Integrals and Volumes 

V(S) - S of  volume thefind To

y)}f(x,zR,0y)(x,|Rz)y,{(x,S d],[c,b][a,RLet 3 

lssubinterva into R rectangle  theDivide

f(x)dx define toSimilarly 
b

a







 

 













n

1j

m

1i

ij

*

ij

*

ij

n

1j

m

1i

ij

*

ij

*

ij

ij

*

ij

*

ij

jiijij

j1-ji1-iij

1-jjjj1-j

1-iii

i1-i

A)y,f(x V(S) i.e

A)y,f(x eapproximatcan  S of  volumeThe

Reach in  )y,(xpoint  sample a choose

yxA is R of area The

n1,j ; m1,i ]y,[y]x,[xR Define

n1,2,j ,y-yy ],y,[y lsubintervan  into

divided is d][c, and ,x-xx m,1,2,i

]x,[x lsubinterva m into divided is b][a,









n1,2j ; m1,2i ,R

diagonallongest   theoflength   thedenote |P|Let 

ij  







 



m

1i

n

1j

ij

*

ij

*

ij
0P||

R

R

A)y,f(xlimy)dAf(x,

y)dAf(x, is R rectangle over the f of integral double The

:Definition



 

  

 









R R

R R R

R R

y)dAg(x,y)dAf(x,   

 thenR,y)(x, y)g(x,y)f(x, If 3.

y)dAg(x,y)dAf(x,y))dAg(x,y)(f(x, 2.

y)dAf(x,cy)dAcf(x, 1.

:properties

existslimit   thisif



Ron  integrable is f then curves,smooth       

ofnumber  finite aon except  Ron  continuous is f If (ii)

Ron  integrable is f then R,on  continuous is f If (i)

R rectabgle closed on the bounded be fLet 

1 Theorem

Rover  f of integral double  thecalled isy)dA f(x, 2.

exist A)y,f(xlim if R,on  integrable is f 1.

:Definition

R

m

1i

n

1j

ij

*

ij

*

ij
0P||




 






ww),(o,on  continuousnot  is f   

(0,1)on  continuousnot  is f   

0 x0,

0 x,
x

y

y)f(x, 3.

Ron  continuous is f   

)[0,)[0,R x,y xy)f(x, 2.

Ron  continuous is f   

][0,2][0,Ry)(x, sinxy,y)f(x, 1.

:Example

Ron  continuous is f then R,b)(a, allat  continuous is f If 2.

b)(a,at  continuous is f then b),f(a,y)f(x,lim If 1.

:Definition

2

b)(a,y)(x,




























Iterated Integrals 
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Double Integral over General Regions 
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Double Integrals in Polar Coordinates 

   b,ra|){(r,RConsider 

Polar rectangle 



Example： 

 
3

2
                                       

)
3

-
2

()1-(3
2

1
                                      

2

3
-

2)1-3(A(R) is R of area The   

}
23

 3,r1|){(r,R 3.

}0 3,r1|){(r,R 2.

}20 1,r0|){(r,R 1.

22

22



































n1,j m;1,i- ,r-rr     Where

 rr            

)r-)(rr(r
2

1
r

2

1
-r

2

1
A    

is A - R of area The    

} ,rrr|){(r,R 4.

 1,-jjj1-iii

ji

*

i

j1-ii1-iij

2

1-ij

2

iij

ijij

j1-ji1-iij

 

















 











 

 










b

a

m

1i

n

1j

ji

*

i

*

j

*

i

*

j

*

i

m

1i

n

1j

ij

*

j

*

i

*

j

*

i

)rdrdrsin ,f(rcos

r)rsinr ,cosf(r

A)sinr,cosf(r

 is Ron  f of sumRiemanu  The



  

  











D

)(h

)(h

21

R

b

a

2

1

)rdrdrsin ,f(rcosy)dAf(x,          

 thenDon  continuous is f If region.          

polor a be )}(hr)(h ,|){(r,DLet  2.      

)rdrdrsin ,f(rcosy)dAf(x,         

 thenR,on  continuous is f If 2-0 and rectangle         

polar a be } b,ra|){(r,RLet  1.      

Properties





































2

15
                                  

)d7cos(15sin                                  

)rdrd3rcos)(4(rsin3x)dA(4y        

}0 2,r1|){(r,                 

4}yx1 0,y|y){(x,R             

:Sol     

4}yx1 0,y|y){(x,R ere        wh

3x)dA(4y Evaluate 1.     

:Example

0

2

R
0

2

1

22

22

22

R

2

















  





2
                   

)rdrdr-(1                   

)dAy-x-(1V              

}20 1,r0|){(r,D              

:Sol       

y-x-1z paraboloid  theand           

0z plane by the bounded solid  theof  volume theFind 2.       

2

0

1

0

2

D

22

22





















 











 

                  

)de
2

1
-

2

1
(limdrdrelim                 

dAelimdAe                 

}20 n,r0|){(r,DConsider                  

 :Sol         

}y- ,x-|y){(x,R e      wher          

dAe Evaluate                

:Example

2

0

2

0

n-

n

n

0

r-

n

D

)y(x-

n
R

)y(x-

n

2

R

)y(x-

22

n

22

2

22

2

22











 

















The Cross Product 
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