Multiple Integral



Double Integrals over Rectangles

Remark -

1. Let P={x,,x,,....,X, }anda=x,<X,<---<Xx_=Db
Then P 1s called a partitionof [a, b]

2. Define Ax, =x, -x,,, 1=1,2,...,n

1-1°
3.| P |=max{ Ax,,Ax,,...,Ax _} Thenorm of P
4. Choose xi € [x.,,x.[,1=1,2,..n, xi is called a

sample point.



5. The defmite mtegral of f on[a, b]

'Lb x)dx = yr—lgo; f(;i)AXi =Thearea of S

S={(xy)as<x<b,0<y<{(x)}



6. A closed rectangle R

R =[a,b]x[c,d]={(x,y)e R’ |a<x<b,c<y<d}
Example : Rectangle
1.[0,1]x[2,4]={(x,y)e R’ |0<x <1,2<y<4}
2.[1,2]1%[2,3]




Double Integrals and Volumes

Let R =[a,b]x[c,d],S={(X, y,2) e R’ | (x, y)e R,0< z<f(x, y)}
To find the volume of S - V(S)

Z=10xy)

4

’ Similarly to define | f(x)dx

Divide therectangle R into submtervals




[a,b]1s divided mmto m subinterval [x._, X ]
1=1,2,---m, AX, =X, -X,;,and [¢,d]is divided

into n subintervally.,,y;[, Ay, =y,-y,;,J=12,---n
Define R, =[x, ,,x;Ix[y;,y;]i=1,---m;j=1,---n
Thearea of R 1s AA; = Ax;Ay.

choose a sample point (Xij, Yij) in each Rij

The volume of S can approximate Z Z f(X; ; Y;- )AAij

=1 i=l

1.e V(S) = Z Z f(X; » Y;)AAU

=1 i=l
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Let | P|denote thelength of thelongest diagonal

R.,1=1,2--m;j=1,2--'n

1j?
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Definition :

The double integral of f over therectangle R 1s _U f(x, y)dA
R

i=l =1

JJ e y)dA = lim S f(x; y))AA,
R i=1 ]



1f this limit exists

properties:
1. H cf(x, y)dA = cﬂ f(x, y)dA
R R

2. [ (fx y)+ el y))dA= [[ fx y)dA+ [[ ex. y)dA

3.1 fH(x,y)2 gx, y)V(X, y)e R, then
JJ fx y)dA= [[ gx, y)dA

R R




Definition :

1.1 1s integrable on R, 1f &)1'3 ;;f(Xij,Yij)AAij exist

2. [| f(x, y)dAis called thedouble integral of f over R
R

Theorem 1

Let £ be bounded on the closed rectabgle R

(1) If f 1s continuous on R, then f is integrable on R

(1) If f 1s continuous on R except on a finite number of

smooth curves, then f 1s mtegrable on R



Definition :
1.If lm f{(x, y)=1(a,b),then is continuous at (a, b)

(x,y)—>(a,b)

2.1f f 1s continuous at all (a,b) € R, then { 1s continuous on R
Example :
1.f(x, y)=sinxy, (x,y)e R =[0,7]x[0,27]
f 1s continuous on R
2.f(x, y)=x"y+x R =[0,0)x[0,0)

f 1s continuous on R

y

=~ x#0
3.0 y)=1x""

0,x=0

f 1s not continuous on (0,1)

f 1s not continuous on (o, w), Vw



Iterated Integrals

3 x*(3 26
Fixed v,Let A(y)=| x’ydx=y-—| ==
y ()= x*ydx=y 21" 3 Y

Consider | A(y)dy= [ ([ x*ydx)dy

Remark :
For function f(x, y),R =[a, b] x[c,d]

LLet AG) = [ fx y)dy B(y)= [ fx y)dx

["A@dx = [ ([ f(x, y)dy)dx is called an iterated integral



2. [ [ fee yydydx=[ ([ fx y)dy)dx

3.0 [ e yydyax=[ ([ fx y)dy)dx

Example : evaluate

< (304 5 w304 5

(1) IO L X “ydxdy (11) IO L x“ydydx
(iif) j: jog % (64 -8x + y?)dydx

) 1L 64-8x + v?)dxd

(iv) | J, 5 (64-8x+y?)dxdy

(V) j; Lz (3x + 2y)dxdy



Theorem 2 (Fubini's Theorem)

If f is continuouson R =[a, b]x|[c,d], the

d b b ~d
JJ foe yy)dAa= [ [t y)dxdy = [ e y)dydx
R

Ex :
1. Find ﬂ (x - 3y>)dA, where R =[0,2]x[1,3]
R

2. Find H ysinxydA, where R =[0,2] %[0, 7]
R

Ans:” ysinxydA = joz :OﬁysinxyddeZ ?
R

T 2 . 7T 2 T
But IO j0y81nxydxdy = |, (—cosxy)‘ Ody = J-O (1-cos2y)dy

Linay) ™) 0
= 77 -(—sin =7-0=rx
Sty

3. Find ([ xcosxydA, where R =[0, 7] %[0, ]
R

cl+y

4. Find

dA,whereR ={(x,y)|-1<x<2,0<y <1}

Y 1+x



Double Integral over General Regions

Let D be a bounded region and D — R, f is a function defined

on D. Define a new function

Flx y)= f(x,y) if (x,y)eD
0if (x, y)isin R but notin D

\j




Definition :

1. The double integral of f over D 1s
JJ fox y)dA= [[ Fex y)da
D R

2. A planeregion D is said tobe of typelif

D={(xy)la<x<b, g (x) <y<g,(®},
where g,, g, are two continuous function.

3. A planeregion D is said tobe of typellif

D=1(xy)lh(y)<x<h,(y),c<y=<dj,
where h,, h, are two continuous function.



Example :
={(x,y)|0<x <7, smx <y<1}, Typel

={(xy)|-1<y<1,2y’ <x<1+y"}, Typell
Properties:

1. If f 1s contmuous on a typel region D such that

D={(x,y)la<x<b,g (x)<y<g, (¥},

then H f(x, y)dA = j jgz( f(x, y)dy dx

2.1f 1 1s continuous on a typell region D then

[f o yyaa=[ [ fx y)dxdy

h
D L(y)

where D = {(x, y)|h, ()< x <h,(y),c < y < d}




Example :

1. Evaluate H (x+3y)dA
D

Where D ={(x,y)|-1<x<1,2x* <y <1+x°}
Ans:

[[x+3y)da=] 11 Ll |(x+3y)dy dx

D

:flx(l +x? -2x2)+§((1+x2)2 - (2x%)Y)dx

=le+x3 -2x° +§+3X2+§X4-4X4dx
-1 2 2
1
:(lx2 -lX4+§X+X3 -lxs) =§+1-l=2
2 4 2 2 -1 2 2




2. Evaluate _U xydA whereD is theregion bounded by
D

theline y = x -1and the parabola y* = 2x + 6

D
% y=x+1

(5.4)

Gl Sol :

) [T e
/( N D={(xy)|-3<x<5,2<y<2x+6}
2

yA2=2w46
y -6

={xYy)




3. Find the volume of the tetrahedron bounded by theplanes
x=2y,x=0,z=0and x+2y+z=2
Sol :

DZ{(X,Y)|0§X§1,§SyS2_TX}

T2y tz=2

2-x
G ﬁﬁzszIQZ—X-2ydA:I;I;2 (2-x - 2y)dydx

ik F
o 1
/ (1 lf;-)\-\ I+2F+ﬂ:2 = g




Double Integrals in Polar Coordinates

Consider R ={(r,0)|a<r<b,a <0< p

Polar rectangle



Example :

I.R={(r,0)|0<r<1,0<0<L 27}

2.R ={(r,0)

3.R ={(r,0)

1<r<3,0<0< 7

1<r<3,%<9<y
3 2

/A

Thearea of Ris A(R)=(7-3-7-1°) 23

27

Loy (X
=315

2
=—7

3

oia



4.R; ={(1,0) |1, <r<1,0 ,<60<0,}

Thearea of R - AA; 1s
1, 1, 1
AA; = Eri A6 —Eri_lAHj = 5(1ri +1,,)(1 -1, )AO,
:ri*AriAHj
Where Ar, =1, -1, A0, =0.-6, 1=1,---m; j=1,---n

The Riemanu sumof f on R 1s

D > f(r'cos ., 1 sinb, )AA,

i =1 j=I

Z Z f(r, cos Hj* T, sin 6’; )r, Ar.A 0.

i=1 j=I

— j ﬂjb f(rcos@, rsinf)rdrd 6



Properties
l.Let R ={(r,f)|a<r<b,a <8< f}beapolar

rectangle and 0 < f-a <27z If f is continuous on R, then

H f(x, y)dA= Kf f(rcos@, rsmf)rdrd &
R

2.Let D={(r,0)|a <0< B,h (0)<r<h, () beapolor

region. If f 1s contimuous on D then

_g f(x, y)dA= Ijj':i;i) f(rcos@, rsin@)rdrd &



Example :

1. Evaluate _U (4y” +3x)dA
R

where R = {(x, y)|y>0,1<x* +y”> <4}
Sol :
R={(xy)y>0,1<x"+y’ <4}
={(1,0)|1<r<2,0<0< 7}

[] 4y* +39dA = [ [ (4(rsing)? + 3rcos O)rdrdo
R

= jo”(15s1n29+ 7cos§)do

15
=—7
2



2.Find the volume of thesolid bounded by theplanez =0

2

and the paraboloid z=1-x" -y
Sol :
D={(r,0)|0<r<1,0<60<L2x}

V=[] (1-x*-yh)dA

= J‘:ﬁ J:)l (1-1t*)rdrdé




Example :

Evaluate H e YA

where R* = {(x, y)| -0 < X <00, -00 <y < o0}
Sol :
Consider D, ={(1,0)|0<r<n,0<60 <27}

j j e ™ YIdA = lim j j e YIGA
"

n—oo

_ lim jzﬁjone'rzrdrdﬁzlim j (———e ")do

n—oo o0 n—o0

=7T



The Cross Product

Definition
Let a,b be twononzero three dimensional vectors
1. Theinner productof aandbisa-b=[a| b|cosé&
2.Thecross productof a and bis the vectoraxb=(|a|b|smé&)n
where 0 1s the angle betweena and b, 0 <6 < 7, and n 1s a unit
vector perpendicular to both a and b and whose direction is given
by theright - hand rule : If the fingers of yourright hand curl through

theangle @ from a to b, then your thumbpomtsin the direction of n



1S

Example :

a A
0 =
,2 <2

a

S

Properties
l1.a and b are parallel if and onlyif axb=0
2.1=(1,0,0), 1=(0,1,0), k =(0,0,1)
(1) ixj=k, jxi=-k
(1) jxk=1,kxj=-1
(1) kxi1=j,ixk =-j
3.axb=-bxa



4.Let c bea, a scalar
(1) (ca)xb=c(axb)=ax(cb)
() ax(b+D)=axb+axD
(1) (a+b)xD=axD+bxD
5.Ifa=(a,,a,,a;),b=(b,,b,,b;),then
axb=(a,b;-ab,,a;b, -a,b;,ab,-a,b,)

1 k
_ : 32 a3, |3y a5, |a; a,
R B e b b b
2 3 1 3 1 2

bl b2 b3

, Thearea of R 1s
%9 R/b AR)=|axb|




Example
l.a=(1,2,0),b=(2,-1,3)

2 0|=6i-3j-5k

|
X

(o
I

bxa=2 -1 3|=-61+3j+5k
1 2 0
2.a=(1,3,4),b=(2,7,-5)
axb=-431+13j+k
3.a=1+j+k, b=1+7j-k Findaxb

4. Find twounit vectors orthogonal tobothi+jand1-j+k



Surface Area

Defmition :
, (x = x(t)
|. parametric curve : < L a<t<p
y=y®)
2.Theset of all points(x, y,z)e R’
x =x(u, V)
such that{y =y(u,v),(u,v)e Dc R’
z=2z(u,v)

1s called a parametric surface S



Example :
1.S={(x,y,z)| x =2cosu, y =v,Z=2smu}
S 1s a parametric surface

Forany (x,y,z)eS, wehavex’ +z° =4, y=v,veR

A

Z
(0,0,2)

=

A
\J




Definition :
3. A planein spaceis determined by a pointr, = P,(X,,y,,Z,) In
theplaneand a vector n is orthogonal to the plane.
This orthogonal vector n is called a normal vector
4. Theplaneis denoted byn-(r-r,) =0 wherer=(x,y,z)
n is a normal vector of the plane

A vector equation of theplanen-(r-1,) =0

n
Z —_
A f
3
o
0 Yo = Po(Xo5 Y05 20)




Example :
1.S={(x,y,2)[(1,2,4)-(x-3,y+1,z-4) =0}
2.5={(x,y,2)|2x-4y+z=0},n=(2,4,1)
3.9={(xy,2)| x+2y+3z=6},n=(1,2,3)

Example :
Find an equation of the plane that passesthrough the points
P(1,3,2),Q(3,-1,6),R(5,2,0)

Sol: 12(x-1)+20(y-3)+14(z-2)=0



Defiition :

5. Twoplaneare parallel if their normal vectors are parallel

6. The angle between the planes S, and S, 1s @ 1f their normal

vectors have the angle 6

Example :

Find the angle between the planex+y+z=1and x-2y+3z=2
Sol :

The normal vectors of theseplanesaren, =(1,1,1),n, =(1,-2,3)

Let & be the angle between the planes

n,-n 2
L 2 0 = cos™

— 72°
nn,] Va2 i

cosf =



Example :

of(x,1) ot(3,y)
= = X7y, =2 =9
z=1xy)=x"y = X, o
C :z=f(x,])
Z
é C,:z=1(3,y)
"y

L.,1=1,2,1s the tangent line of C,



Definition :
Let S be a parametric surface and be defined by
S={(xy,z)|z=2(u,v),y = y(u,v),x = x(u, V)
r(u,v) = x(u, v)i+y(u,v)j+z(u,v)k Fixed (u,,v,)
(1) r(u,, v)1s a vector function of thesingle parameter v and defines
a grid curvec, lyingon S
(11) r(u, v, ) 1s a vector function of thesingle parameter u and defines
a grid curve ¢, lyingon S
(u1) The tangent vector toc, at P, -(X,,y,,2,) where x, =x(u,,v,)
Yo =¥ (u,,v,),2z, =2z(u,,Vv,)1s obtained
r = Ox(u,V,) i Oy (Uy, Vo) i+ 0z(uy, v,) Kk
ov ov ov
(iv) Simlarly to ¢, The tangent vector is

r o= 6X(u09VO)i+ 0y (U, V) i+ 0z(u,, V,) Kk
ou ou ou
(v) Thesurface S1s called smoothif r, xr, #0




Defmition
1. Let S be a smooth parametric surface and is given by theequation
r(u,v) =x(u, v)i+y(u,v)j+z(u,v)k, (u,v)eD

and S 1s covered just once as (u, v) ranges throughout theparameter

domain D, then thesurface area of Sis A(S) = _U |, x1, |dA
D

where t, = zi+ayj+@k ST e

odu” ou Ov OV 0v

Example :

1. Spherical coordinate (p, 0, ¢)

Z A

p(X,y,z) Where,o:|o_p|:\/x2+y2+z2

J%_qﬁ P(D.6.¢)  x= peingeosd

0 >y y = psingsind ~ p>0,0<4<rx
0 Z = pCoS @




2.Find therectangular coordinates  Spherical coordinate

(1,£’£) XZI‘Sil’lzCOSE:_6
43 3 4 4

7 . 1 6

=1-sin—sin — = —
Y 3704 4

7 1
z=1-co8 —=—
3 2

3.Change from rectangular to spherical coordinates

(1) (1,1,\5) (i1) (\E,O,l) (ii1) (0,2\5,-2)
Sol :

() p=x2ty?+22 =P+ +(2)* =2

z:pcos¢:>\5=2cos¢,¢=%

X =psin¢cosé?:>1:2sin%cosﬁ,9:%



4. parametric surface S

(i) S

- {(X, y,z)| x = 4singcos @, y = 4singsin, z = 4cos ¢

0<¢<rm, 0LZ6L2rx

S - The surface of a spherical of radius 4

(1) Find the surface area of S

Sol :

Iy

The parametric equation 1s

1(6,9) =4singcos @ -1+ 4singsinf - j+4cosg -k
and (0,90) e D={(0,9)|0<0<L271,0<¢ < 1}
caculate r, =-4singsin@-1+4singcosd-j+0-k

r, =4cosgcosd-1+4cosgsin® - J+4(-sing)-k

1 ]
-4smgsinf 4smgcosd
4cosgcos@ 4cosgsm

XT

k
0
-4sme@

-16sin”gcos i -16sin”gsin G + 1 6¢cos gsin gk




Thus

|1, X1, |= \/(-16sin2¢cos 0)’ +(-16sin’¢gsin@)” + (16cos gsing)’
=16smg

A®) = [[Ir, %1, dA =j0”j02”16sin¢d9d¢ —47-16
D

Remark

1.A(S)=_U|ru><rv |dA

r(u,v) .

Vo, /\
/ﬁ — Av é




Thearea of S;
A(S;) ~ Au-r, xAv-1, |51, X1, [ AuAv

A(S) =) A(S;,)~ ) (r, x1,)- AuAv
—>” dA

2.5={(xy.,2)|z=1(Xy),(Xx, y)e D}
The surface area of Sis

I, XT,

A(S) = ij \/1+(2—i)2 + (2—}21)2dA

(o r(x y)=x1+yJ+1(X y)k)



Triple Integrals

Rectangular box :
B={(xy,z)|]a<x<b,c<y<d,e<z<{f}
=[a,b]x[c,d]x][e,{]
Example :
1.B=[0,1]x[1,3]x[0,2]

Definition :
Let B=[a,b]x[c,d]x[e, f]be a rectangular box. [a, b]1s divided into
I subintervals [x. ,, x; ] of equal width Ax, [c,d]is a divided into m
subintervals [[y;,,y;]of equal width Ay,[e,{]is a divided into n

subintervals[[z, ,,z, ] of equal width Az



LBy =[x, X% Xy, ¥ %1205 2, ]
2. The volume of By, —> Av=Ax-Ay-Az

Il m n
3. The triple Riemann sum Z‘ Z Z f(ijk ,y;k : z;k )Av

i=l j=1 k=1

4. The tripleintergral of f over thebox B1is

n

| m
[l fx y.2dv=1im 3313 fx,.57,.25)AY
B

Lm,n =0 S

1f this imit exists



Theorem(Fubini's Theorem)

If f 1s continuous on B =[a, b]x[c, d]x[e, f]
then [[[ fx, y,2)dv=[ [ [ f(x, y,z)dxdydz
B

Example :

1. Evaluate [[[ xyz*dv, where B =[0,1]x[1,2]x[1,2]

B

2. Evaluate ([[ (x+yz)dv, where B=[-1,1]x[1,3]x][0,2]
B
3.E={(Xy,2)|0<x<],05y<2,x<z<]-x-y}
How to define _m x°yzdv="?
E



For a general bounded region E. Consider a rectangular box

f(x,y,z) 1f(x,y,z)€E
0 if(x, y,z)2 E

Define _U j f(x, y,z)dv= 'm F(x,y,z)dv

B o E, and define F(x, y,z) = {

properties
LIETE={xy,2)|(xy)eD, (X y)<z<4(Xy)]

then H_“ f(x, y,z)dv= I j U:i(;) f(x, y,z)dzjdA

2HE={(xy,2)|[a<x<Db,g(X)<y<g,(X), A(Xy)Sz< (X y)}
then [[[ f(x y.z)dv= [ [*[* f(x, y.2)dady dx

g1(x) A (xy)



Examle :
lLE={Xy,2)|0<x<],0<y<]-x,0<z<]-x-y}

j ﬂ zdv = _E EX E_X_yzdzdydx
E
2.E={(xy,2)|-2<x<2,x  <y<4,-y-x" <z< y-x"}

A
Z - ——— y=X'47°

-y

X

E={(xy,2)|-2<x<2,-V4-x" <z<~4-x",2 +x° <y < 4}

J-_”\/z +x° V—j ..-\/WL e \/ZZ+X2ddedX= 121?[




